Rules for integrands of the form (a + bSinh[c + d x"])?

1. j(a+b51nh[c+dx"])"dlx whennez A pez
1. J(a+bsinh[c+dx"])pdlx whenn-1ez* A pez*

1: Sinh[c+dx"] dx whenn-1ez*

Derivation: Algebraic expansion

Basis: Sinh[z] = &

Basis: Cosh[z] == & + &~
Rule:lf n-1 e Z*, then

- 1 d n 1 d n
JSlnh[C+an] dx — —Jec* * dx - —Je““ * dx
2

2

Program code:

Int[Sinh[c_.+d_.*x_"n_],x_Symbol] :=
1/2%Int[E~ (c+d*x™n) ,x] - 1/2x*Int[E” (-c-d*x”*n),x] /;
FreeQ[{c,d},x] && IGtQ[n,1]

Int[Cosh[c_.+d_.*x_”n_],x_Symbol] :=
1/2%Int[E~ (c+d*x™n) ,x] + 1/2*Int[E” (-c-d*x”*n),x] /;
FreeQ[{c,d},x] && IGtQ[n,1]



Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

2: Jxa+bsimﬂc+dxq)pdxwmenn—leZ+A p-lez*

Derivation: Algebraic expansion

Rule:lf n-1e€z*A p-1¢€Z',then

J(a+bsinh[c+dx"])pdx — | TrigReduce|[ (a+bSinh[c+dx"])", x] dx

Program code:

Int[(a_.+b_.#«Sinh[c_.+d_.*x_"n_])"p_,x_Symbol] :=
Int[ExpandTrigReduce[ (a+bxSinh[c+d»xn])~p,x],x] /;
FreeQ[{a,b,c,d},x] && IGtQ[n,1] && IGtQ[p,1]

Int[(a_.+b_.xCosh[c_.+d_.*x_"n_])"p_,x_Symbol] :=
Int[ExpandTrigReduce[ (a+bxCosh[c+d»x*n]) p,x]1,x] /;
FreeQ[{a,b,c,d},x] && IGtQ[n,1] && IGtQ[p,1]



Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

2: J(a+bsinh[c+dx"])pdlx whennez A pez

Derivation: Integration by substitution
Basis: If n € Z, then Fx"] = —Subst[ﬂ;:]-, x, 1] o,

Rule:lf nez A p € zZ,then

(a+bsinh[c+dx™])" 1
; dx, X, —]
X X

j(a +bSinh[c+dx"])Pdx — —Subst[J

Program code:

Int[(a_.+b_.#Sinh[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
-Subst [Int[ (a+bxSinh[c+dxx”(-n) 1) p/x 2,x],x,1/x] /3
FreeQ[{a,b,c,d},x] && ILtQ[n,0] && IntegerQ[p]

Int[(a_.+b_.*Cosh[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
-Subst[Int[ (a+bxCosh[c+d*x” (-n)])"p/x*2,x],X,1/x] /;
FreeQ[{a,b,c,d},x] && ILtQ[n,0] && IntegerQ[p]



Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

2: J(a+bsinh[c+dx"])pdx whenneF A pez

Derivation: Integration by substitution
Basis: If k Z*,then Fxn = k Subst [x** F[x"], x, x*/¥] g, x*/k
Rule:lf neF A p € Z,letk = Denominator[n], then

J(a+bsinh[c+dx"])pd1x — kSubs‘t[Jx"'1 (a+bsinh[c+dx“"])"ax, x, xl/k]

Program code:

Int[(a_.+b_.#Sinh[c_.+d_.*x_"n_])"p_.,x_Symbol] :=

Module [ {k=Denominator[n]},

kxSubst [Int[x” (k-1) « (a+bxSinh[c+d#x” (k#n) ])~p,x],x,x*(1/k)|] /;
FreeQ[{a,b,c,d},x] && FractionQ[n] && IntegerQ[p]

Int[(a_.+b_.*Cosh[c_.+d_.*x_"n_])”"p_.,x_Symbol] :=

Module [ {k=Denominator[n]},

k*Subst [Int [x”~ (k-1) * (a+bxCosh [c+dxx” (kxn) ]) ~p,X] ,X,x" (1/k) ] ] /3
FreeQ[{a,b,c,d},x] &% FractionQ[n] && IntegerQ[p]



Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

3. J(a+bsinh[c+dx"])pdx whenpez*

1: Sinh[c + dx"] dx

Derivation: Algebraic expansion

Basis: Sinh[z] = & - €

2 2
Basis: Cosh[z] = % + GT

Rule:

- 1 d n 1 d n
JSlnh[C+an] dx — —Je“ * dx - —Je“‘ * dx
2

2

Program code:

Int[Sinh[c_.+d_.*x_"n_],x_Symbol] :=
1/2%Int[E” (c+d*x”*n) ,x] - 1/2%xInt[E”(-c-dxx”n),x] /;
FreeQ[{c,d,n},Xx]

Int[Cosh[c_.+d_.*x_”n_],x_Symbol] :=
1/2%Int[E” (c+d*x”*n) ,x] + 1/2%xInt[E”(-c-dxx”n),x] /;
FreeQ[{c,d,n},Xx]



Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

2:JXa+bSMhh+dxﬂ)pdxwmmpez+

Derivation: Algebraic expansion

Rule: If p € z*, then

J(a+bsinh[c+dx"])pdx — | TrigReduce|[ (a+bSinh[c+dx"])", x] dx

Program code:

Int[(a_.+b_.#«Sinh[c_.+d_.*x_"n_])"p_,x_Symbol] :=
Int[ExpandTrigReduce[ (a+bxSinh[c+d»xn])~p,x],x] /;
FreeQ[{a,b,c,d,n},x] && IGtQ[p,0]

Int[(a_.+b_.xCosh[c_.+d_.*x_"n_])"p_,x_Symbol] :=
Int[ExpandTrigReduce[ (a+bxCosh[c+d»x*n]) p,x]1,x] /;
FreeQ[{a,b,c,d,n},x] && IGtQ[p,0]



Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

S: J(a+bsinh[c+du”])pdx whenpezZ A u=e+fx

Derivation: Integration by substitution
Rule:lf peZ A u = e+ fXx,then

1
j(a+b$inh[c+du"])"dlx — ;Subst[J(a+bSinh[c+dx"])pdlx, X, u]

Program code:

Int[(a_.+b_.#Sinh[c_.+d_.*u_"n_])"p_.,x_Symbol] :=
1/Coefficient [u,x,1] *Subst [Int[ (a+bxSinh[c+dxx”n])~p,x],x,u] /;
FreeQ[{a,b,c,d,n},x] & IntegerQ[p] && LinearQ[u,x] && NeQ[u,Xx]

Int[(a_.+b_.xCosh[c_.+d_.*u_“n_])"p_.,x_Symbol] :=
1/Coefficient [u,X,1] *Subst [Int[ (a+bxCosh[c+d*x”n])*p,x],x,u] /;
FreeQ[{a,b,c,d,n},x] & IntegerQ[p] && LinearQ[u,x] && NeQ[u,Xx]

X: J(a+bsinh[c+du"])pdx

Rule:

J(a+bsinh[c+du"])pdx N J(a+bsinh[c+du"])pdlx

Program code:

Int[(a_.+b_.#«Sinh[c_.+d_.*u_"n_])"p_,x_Symbol] :=
Unintegrable[ (a+bxSinh[c+dxu”n])~p,x] /;
FreeQ[{a,b,c,d,n,p},x] &% LinearQ[u,x]



Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

Int[(a_.+b_.*Cosh[c_.+d_.*u_"n_])”p_,x_Symbol]
Unintegrable[ (a+bxCosh[c+d*u”n])*p,x] /;
FreeQ[{a,b,c,d,n,p},x] &% LinearQ[u,x]

N: J(a+bsinh[u])pdx when u =c +dx"

Derivation: Algebraic normalization

Rule: If u = c + d x", then

J(a+bsinh[u])pd1x - J(a+bsinh[c+dx"])pdlx

Program code:

Int[(a_.+b_.«Sinh[u_])~p_.,x_Symbol] :=
Int[ (a+bxSinh[ExpandToSum[u,x]])"p,x] /;

FreeQ[{a,b,p},x] & BinomialQ[u,x] & Not[BinomialMatchQ[u,x] ]

Int[(a_.+b_.*Cosh[u_])”p_.,x_Symbol] :=

Int[ (a+bxCosh[ExpandToSum[u,x]])p,X] /;

FreeQ[{a,b,p},x] & BinomialQ[u,x] & Not[BinomialMatchQ[u,Xx] ]

1
ez
n

Rules for integrands of the form (ex)™ (a + bSinh[c +d x"])P
1. J(ex)“‘ (a+bsinh[c+dx"])"dx when

m+l

1. jx’" (a+bSinh[c+dx"])"d1x when €Z
n

] Sinh[c+dx"]
. J -

dx



Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"p 9

. jSinh[d x"]

X

dx

Derivation: Primitive rule

Basis: SinhIntegral [z] == 3inh(zl

Z

Rule:

J«Sinh[d x"] g SinhIntegral[d x"]
——dx —

X n

Program code:




Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

Sinh [c +d x"]
2: J— ax
X

Derivation: Algebraic expansion
Basis: Sinh[w + z] = Sinh[w] Cosh[z] + Cosh[w] Sinh[Z]

Rule:

Cosh[d x"] Sinh[d x"]
_— —dx

Jsinh[c +d x"]

X

dx — Sinh[c] J dx + Cosh[c] J

X X

Program code:

Int[Sinh[c_+d_.+x_"n_]/x_,x_Symbol] :=
Sinh[c]*Int[Cosh[d*x"n]/X,X] + Cosh[c]*Int[Sinh[d*x"n]/x,x] /3
FreeQ[{c,d,n},x]

Int[Cosh[c_+d_.*x_"n_]/x_,x_Symbol] :=
Cosh[c] »Int[Cosh[d«x"n]/x,x] + Sinh[c]+Int[Sinh[d+x"n]/x,Xx] /;
FreeQ[{c,d,n},x]

10



Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

2: Jx’“ (a+bsinh[c+dx"])P dx When%ez A(p=1vm=n-1VpezA %>0)

Derivation: Integration by substitution

Basis: If m+1 ez, then x» F[X"] == % Subst x$'1 F[x], X, X"| 8yx"
n n
Rule:if ™2 ez A (p=1Vvm=n-1Vvpez A ™ >0}, then

Jx“‘ (a+bsinh[c+dx"])Pdx — ESubst[j o (a+bsinh[c+dx])”dx, x, x"]
n

Program code:

Int[x_"m_.(a_.+b_.#Sinh[c_.+d_.#x_"n_])"p_.,x_Symbol] :=
1/n%Subst [Int[x" (Simplify[ (m+1) /n]-1)* (a+bxSinh[c+dxx])"p,x],x,xn] /;
FreeQ[{a,b,c,d,m,n,p},x] & IntegerQ[Simplify[(m+1)/n]]| & (EqQ[p,1] || EqQ[m,n-1] || IntegerQ[p] & GtQ[Simplify[(m+1)/n],0])

Int[x_"m_.x(a_.+b_.xCosh[c_.+d_.*x_“n_])"p_.,x_Symbol] :=
1/n+Subst[Int[x~ (Simplify[ (m+1) /n]-1)« (a+bxCosh[c+d+x]) p,x],x,x*n] /;
FreeQ[{a,b,c,d,m,n,p},x] & IntegerQ[Simplify[(m+1)/n]]| & (EqQ[p,1] || EqQ[m,n-1] || IntegerQ[p] & GtQ[Simplify[(m+1)/n],0])

11



Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

2:J}exw(a+b5ﬂm[c+dxﬂ)pdxvmen%%ez

Derivation: Piecewise constant extraction
Basis: a, 1—>— =0

Rule: If % € Z,then

eIntPar‘t [m] (e X) FracPart[m]

j(ex)"‘ (a+bsinh[c+dx"])Pdx — J.x’" (a+bsinh[c+dx"])?ax

XFr'acPar‘t[m]

Program code:

Int[ (e_»x_)"m_x(a_.+b_.*Sinh[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
e~IntPart[m] x (exx) ~*FracPart[m] /x"FracPart[m] xInt [x"m* (a+b*Sinh [c+d*Xx”n] ) "p,x] /3
FreeQ[{a,b,c,d,e,m,n,p},x] & IntegerQ[Simplify[ (m+1)/n]]

Int[(e_*»x_)"m_x%(a_.+b_.*xCosh[c_.+d_.*x_"n_])”p_.,x_Symbol] :=
e*IntPart[m] x (exx) *FracPart[m] /x"FracPart [m] *Int [x"m% (a+bxCosh[c+d*x”*n])*p,x] /;
FreeQ[{a,b,c,d,e,m,n,p},x] && IntegerQ[Simplify[ (m+1)/n]]

12



Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

2. J(ex)"‘ (a+bsinh[c+dx"])?dx whenpez A nez
1. J(ex)"‘ (a+bsinh[c+dx"])?dx whenpez A nez*
1. J(ex)msinh[c+dx“] dx

1: j(ex)’“sinh[c+dx"] dx whennezZ*A @<n<m+1

Reference: CRC 392, A&S 4.3.119
Reference: CRC 396, A&S 4.3.123
Derivation: Integration by parts

Basis: If n € Z,then (e x)™Sinh[c + d x"] == —gﬁ>—l ¢ Cosh[c +dx"]

Rule:lf neZ* A @ <n<m+1,then

"1 (ex)™™!Cosh[c+dx"] e" (m-n+1)

dn dn

j(ex)msinh[c +dx"] dx — J(ex)"“n Cosh[c +dx"] dx

Program code:

Int[(e_.*x_)"m_.*Sinh[c_.+d_.*x_"n_],x_Symbol] :
e~ (n-1) » (exx) ~ (m-n+1) xCosh[c+d*x”*n] / (d*n) -
e*nx (m-n+1) / (dxn) *Int[ (exx)”* (m-n) xCosh[c+d*x"n],x] /;

FreeQ[{c,d,e},x] && IGtQ[n,0] && LtQ[O,n,m+1]

Int[ (e_.*x_)"m_.xCosh[c_.+d_.*x_"n_],x_Symbol] :
e~ (n-1) * (exx) ~ (m-n+1) *Sinh[c+dxx"n] /(d%n) -
e~nx (m-n+1) / (d+n) *Int [ (exx) ~ (m-n) +Sinh[c+d«x"n],x]| /;

FreeQ[{c,d,e},x] &% IGtQ[n,0] && LtQ[O,n,m+1]
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Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

2: j(ex)’“sinh[c+dx"] dx when nez* A m< -1

Reference: CRC 405, A&S 4.3.120
Reference: CRC 406, A&S 4.3.124
Derivation: Integration by parts

Rule:lf nez* A m< -1, then

J(e x)"Sinh[c+dx"] dx —

Program code:

Int[(e_.*x_)"m_sSinh[c_.+d_.+x_"n_],x_Symbol] :=
(e%x)~ (m+1) *Sinh [c+d*x"n]/(e* (m+1)) -

(ex)™!sinh[c+dx"]

dn

e (m+1)

dxn/ (e”*nx (m+1) ) *Int[ (exx)~ (m+n) *Cosh[c+d*x”*n],x] /;

FreeQ[{c,d,e},x] &% IGtQ[n,0] && LtQ[m,-1]

Int[(e_.*x_)”~m_xCosh[c_.+d_.*x_"n_],x_Symbol] :=
(e*x)~ (m+1) xCosh [c+d*x~n]/ (e* (m+1)) -

dxn/ (e*nx (m+1) ) »Int [ (exx)~ (m+n) xSinh[c+dxx*n],x] /;

FreeQ[{c,d,e},x] && IGtQ[n,0] && LtQ[m,-1]

e" (m+1)

J(e x)™" Cosh[c +dx"] dx

14



Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

3: j(e x)"Sinh[c+dx"] dx whennez*

Derivation: Algebraic expansion

Basis: Sinh[z] = < - &
Basis: Cosh[z] = @7 + @2’2

Rule:If n € z*, then

meas n i m _c+dx" l m _-c-dx"
(ex)"sinh[c+dx"] dx — (ex)"e dx - (ex)"e dx
2 2

Program code:

Int[(e_.*x_)"m_.*Sinh[c_.+d_.*x_"n_],x_Symbol] :=
1/2%Int[ (exX) *mxE” (c+d*x”n) ,x] - 1/2%Int[ (exx) m*E”~(-c-d*x"n),x] /;
FreeQ[{c,d,e,m},x] && IGtQ[n,0]

Int[ (e_.*x_)”"m_.xCosh[c_.+d_.*x_”"n_],x_Symbol] :=

1/2%Int[ (exX) *m*E” (c+d*x”n) ,x] + 1/2%Int[ (exx) m*E~(-c-d*x"n),x] /;
FreeQ[{c,d,e,m},x] && IGtQ[n,0]

2. J(ex)"‘ (a+bsinh[c+dx"])?dx when p>1

dx when (n|p)ezZ Ap>1 An¢l

. J-Sinh[a + bx“]p

Xn

Derivation: Integration by parts

Rule:If (n|p) €eZ A p>1An+1,then

15



Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

Sinh[a+bx"]p Sinh[a+bx"]p bnp
J— dx — - +
x" (n-1) x"? n-1

Program code:

Int[x_"m_.xSinh[a_.+b_.*x_"n_]"p_,x_Symbol] :=
-Sinh[a+b*x"n]"p/((n-1)*x"(n—1)) +
bxn«p/ (n-1) +Int [Sinh[a+bxx"n]~ (p-1) xCosh[a+bxx*n],x] /;
FreeQ[{a,b},x] && IntegersQ[n,p] && EqQ[m+n,0] && GtQ[p,1] && NeQ[n,1]

Int[x_"m_.xCosh[a_.+b_.*x_“~n_]”p_,x_Symbol] :=
-Cosh[a+b*x*n]~p/ ((n-1) *x" (n-1)) +
bxnxp/ (n-1) +Int[Cosh[a+bxx"n]~ (p-1) Sinh[a+bxx"n],x] /;
FreeQ[{a,b},x] && IntegersQ[n,p] &% EqQ[m+n,0] && GtQ[p,1] && NeQ[n,1]

2: Jx'“Sinh[a+bx"]"d1x whenm-2n+1=20 A p>1

Reference: G&R 2.471.1b' special case whenm -2 n + 1 =
Reference: G&R 2.471.1a' special case withm-2n+1-=-0

Rule:lf m-2n+1==0 A p > 1,then

nSinh[a+bx"]? x"Cosh[a+bx"] Sinh[a+bx"]P" p_

Jx’"sinh[a+bx“]pdlx — - + -
b2 n? p? bnp p

Program code:

Int[x_"m_.xSinh[a_.+b_.xx_"n_]"p_,x_Symbol] :=
-nxSinh[a+bxx"n]"p/ (b"2xn"2xp"2) +
x"nxCosh [a+b*x~n] *Sinh [a+b*x"n]"(p—1)/(b*n*p) -
(p-1) /p*Int[x"mxSinh[a+bsx*n]~(p-2),x]| /;
FreeQ[{a,b,m,n},x] && EqQ[m-2xn+1] && GtQ[p,1]

Jsinh [a + bx"]"”1 Cosh [a +b x"] dx

= Jx"‘ Sinh [a +b x"]""2 dx

16



Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

Int[x_~m_.xCosh[a_.+b_.*x_"n_]”~p_,x_Symbol] :=
-nxCosh[a+bxx*n]~p/ (b*2xn"2xp"2) +
x~nxSinh[a+bxx~n] xCosh[a+bxx"n]~ (p-1) / (bxnxp) +
(p-1) /p*Int [x*mxCosh[a+bxx*n]~ (p-2),x] /;

FreeQ[{a,b,m,n},x] && EqQ[m-2xn+1] && GtQ[p,1]

3: [x"sinh[a+bx"]|Pdx when (m|n) ez Ap>1A0@<2n<m+1

Reference: G&R 2.471.1b'
Reference: G&R 2.631.3'

Rule:If (m|n) ezZ Ap>1A0<2n<m+1,then
Jx"‘ Sinh[a+bx"]"dx —

(m-n+1) x™2™!sinh[a +bx"]? x“""*1Cosh[a+bx"]Sinh[a+bx"‘]p’1 p

-1
- + - jx'" Sinh[a+bx"]p'2 dx +

b2 n? p? bnp p

Program code:

Int[x_~m_.*Sinh[a_.+b_.*x_"n_]"p_,x_Symbol] :=
—(m—n+1)*xA(m—2*n+1)*Sinh[a+b*xAn]Ap/(bAz*nAz*pAZ) +
xA(m-n+1)*Cosh[a+b*xAn]*Sinh[a+b*xAn]A(p-1)/(b*n*p) -

(p-1) /p+Int [x"m«Sinh[a+bxx"n]" (p-2),x]| +
(m-n+1) % (M-2%n+1) / (b"2%n"24p"2) +Int X" (M-2#n) *Sinh [a+bxx*n]"p,x]| /;
FreeQ[{a,b},x] && IntegersQ[m,n] && GtQ[p,1] && LtQ[0,2xn,m+1]

Int[x_"m_.xCosh[a_.+b_.*x_”~n_]”p_,x_Symbol] :=

- (m-n+1) *x”* (m-2xn+1) xCosh[a+bxx~*n]"p/ (b*2xn"2xp"2) +

X" (m-n+1) *Sinh [a+b%x~n] *Cosh[a+bx*x*n]~ (p-1) / (bxnxp) +

(p-1) /p*Int [x*mxCosh[a+b*x*n]~ (p-2) ,x] +

(m-n+1) * (Mm-2xn+1) / (bA"2xn*2xp~2) *Int [x” (Mm-2xn) xCosh[a+bxx*n] " p,x] /;
FreeQ[{a,b},x] && IntegersQ[m,n] && GtQ[p,1] && LtQ[O,2xn,m+1]

mMm-n+1) (Mm-2n+1)

b2 n? p?

Jx'"‘“ Sinh[a + bx"]? dx

17



Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

4: [x"sinh[a+bx"]’dx when (m|n) ez Ap>1A0@<2n<l-mAM+N+1#0

Reference: G&R 2.475.1"
Reference: G&R 2.475.2'

Rule:lf (m|n)eZAp>1A0<2n<l-mAm+n+1+80,then

Jx“‘ Sinh[a + bx"]pdlx —

x™1sinh[a+bx"]" bnpx™"cosh[a+bx"] Sinh[a+bx"]P* b2 n? p?
[ ] - [ ] [ ] + P Jxm+2"sinh[a+bx"]pd1x+
m+1 (m+1) (m+n+1) (m+1) (m+n+1)

Program code:

Int[x_"m_.xSinh[a_.+b_.*x_"n_]"p_,x_Symbol] :=
X~ (m+1) #Sinh[a+bxx"n]~p/ (m+1) -
bxnxpxx” (m+n+1) xCosh [a+bxx~n] *Sinh[a+bxx*n]~ (p-1)/( (m+1) * (Mm+n+1) ) +
br24n"24p~2/ ((M+1) x (M+n+1) ) *Int[x” (m+2#n) xSinh[a+bxx*n]"p,x] +
br2xn"2xpx (p-1) / ((m+1) » (M+n+1) ) xInt [x” (m+2#n) #Sinh[a+b#x"n]~(p-2),x]| /;
FreeQ[{a,b},x] && IntegersQ[m,n] && GtQ[p,1] && LtQ[0@,2xn,1-m] && NeQ[m+n+1,0]

Int[x_~m_.xCosh[a_.+b_.*x_"n_]”"p_,x_Symbol] :=
x~ (m+1) xCosh[a+bxx*n]"p/ (Mm+1) -
bxnxpxx” (m+n+1) *Sinh[a+bxx~n]xCosh[a+b*x*n]” (p-1) / ((m+1) * (m+n+1)) +
b”2xn"2xp”2/ ((m+1) * (m+n+1) ) *Int [X" (m+2%n) *xCosh[a+b*x*n]*p,x] -
b”2xn"2xpx (p-1) / ((m+1) * (m+n+1) ) *Int [X” (m+2xn) *xCosh[a+b*xx*n] " (p-2),Xx] /;
FreeQ[{a,b},x] && IntegersQ[m,n] && GtQ[p,1] && LtQ[0,2xn,1-m] &&% NeQ[m+n+1,0]

b2n’p (p-1)

(m+1) (m+n+1)

Jx’"*z" Sinh[a +bx"] P2 gx
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Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

5: j(ex)"‘ (a+bsinh[c+dx"])Pdx whenpez A nez* A meF

Derivation: Integration by substitution
Basis: If k Z*,then (ex)"F[x] = ESubst[xk (m+1) -1 F[Xe—k], X, (ex)¥%] 8, (e x) /K

Rule:lf peZ A nezZ" AN meTF,letk = Denominator [m], then

k
J(ex)'“ (a+bsinh[c+dx"])?dx — —Subst[J‘xk (m+1)-1 [a+bsinh[c+
e

Program code:

Int[(e_.*x_)"m_x(a_.+b_.xSinh[c_.+d_.*x_"n_])"p_.,x_Symbol] :=

With [ {k=Denominator[m]},

k/exSubst[Int[x” (kx (m+1) -1) » (a+bxSinh[c+d»x” (k«n) /e*n])~p,x],X, (exx) " (1/k)|] /;
FreeQ[{a,b,c,d,e},x] & & IntegerQ[p] && IGtQ[n,0] && FractionQ[m]

Int[(e_.*x_)"m_x(a_.+b_.xCosh[c_.+d_.*x_"n_])"p_.,x_Symbol] :=

With [ {k=Denominator[m]},

k/e*Subst [Int [x” (k% (m+1) -1) * (a+bxCosh[c+dxx” (kxn) /e~n]) *p,x] ,X, (e*x) " (1/k) ] ] /5
FreeQ[{a,b,c,d,e},x] & & IntegerQ[p] & IGtQ[n,0] && FractionQ[m]

dxkn

en

]]pdlx, X, (ex)l/k]
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Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

6: J(ex)"‘ (a+bsinh[c+dx"])Pdx whenp-1ez* A nez*

Derivation: Algebraic expansion

Rule:lf p-1€2Z* A nez*, then

j(ex)'“ (a+bsinh[c+dx"])Pdx — J(ex)'“TrigReduce[(a+bSinh[c +dx"])?, x] dx

Program code:

Int[(e_.*x_)"m_.(a_.+b_.#Sinh[c_.+d_.*x_"n_])"p_,x_Symbol] :
Int[ExpandTrigReduce[ (exx)~m, (a+bxSinh[c+d+x"n])"p,x],x] /;
FreeQ[{a,b,c,d,e,m},x] && IGtQ[p,1] && IGtQ[n,0]

Int[(e_.*x_)”"m_.x(a_.+b_.xCosh[c_.+d_.*x_"n_])"p_,x_Symbol] :
Int [ExpandTrigReduce [ (exx)~m, (a+bxCosh[c+dxx”n]) *p,X] ,x] /5
FreeQ[{a,b,c,d,e,m},x] & & IGtQ[p,1] && IGtQ[n,0]
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Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

3. J(ex)"‘ (a+bsinh[c+dx"])?dx when p<-1

1: |x"Sinh[a+bx"]"dx whenm-2n+1==0 A p<-1 A p#-2

Reference: G&R 2.477.1 special case whenm -2n+1 =10
Reference: G&R 2.477.2' special case withm-2n+1 =0

Rule:lf m-2n+1=0 Ap<-1Ap+-2,then

x" Cosh[a +bx"] sinh[a +bx"]"*

nSinh[a+ bx"]’J+2

p+2

jxmsinh[a+bx"]pdx —
bn (p+1)

Program code:

Int[x_"m_.*Sinh[a_.+b_.*x_"n_]"p_,x_Symbol] :=
x~nxCosh[a+bxx~n] *Sinh[a+b*xx"n]* (p+1)/(b*n* (p+1)) -
nxSinh[a+b*x n]” (p+2) / (bA24n"2% (p+1) * (p+2)) -

(p+2) / (p+1) *Int [x"mxSinh [a+bxx n]~ (p+2) ,x] /;

FreeQ[{a,b,m,n},x] && EqQ[m-2xn+1,0] && LtQ[p,-1] && NeQ[p,-2]

Int[x_”m_.xCosh[a_.+b_.*x_"n_]"p_,x_Symbol] :=
-x*nxSinh[a+bxx~n] xCosh[a+bxx*n]~ (p+1) / (bxnx (p+1)) +
nxCosh[a+bxx*n]” (p+2) / (bA2xn"2x (p+1) * (p+2)) +
(p+2) / (p+1) *Int [ x*mxCosh[a+bxx*n] " (p+2),x] /;

FreeQ[{a,b,m,n},x] &% EqQ[m-2xn+1,0] & LtQ[p,-1] && NeQ[p,-2]

b>n? (p+1) (p+2)

p+1

J.x'" Sinh [a + bx"]p+2 dx

21



Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

2: [x"sinh[a+bx"]"dx when (m|n)e€Z A p<-1Ap#-2A0<2n<m+1

Reference: G&R 2.477.1
Reference: G&R 2.477.2
Rule:lIf (m|n) eZ Ap<-1Ap+-2A0<2n<m+1,then
Jx'“ Sinh[a+bx"]’dx —
X"t Cosh[a +bx"] sinh[a+bx"]*" (m-n+1) x™2"*Sinh[a+bx"]"* ps2

- Jx'“ Sinh[a+ bx"]p+2 dx +
bn(p+1) b2n? (p+1) (p+2) p+1

Program code:

Int[x_"m_.*Sinh[a_.+b_.*x_"n_]"p_,x_Symbol] :=

X~ (m-n+1) xCosh[a+bxx*n] *Sinh[a+b*x"n]~ (p+1)/(b*n* (p+1)) -

(m-n+1) *x” (M-2%n+1) *Sinh [a+b*x*n]~ (p+2)/(b"2*n"2* (p+1) = (p+2)) -

(p+2) / (p+1) *Int [x"mxSinh[a+bxx"n]" (p+2) ,x]| +

(m-n+1) * (M-2xn+1) / (b*"2xn"2x (p+1) * (p+2) ) *Int [x" (m-2%n) *Sinh[a+bxx~n] " (p+2) ,x] /5
FreeQ[{a,b},x] && IntegersQ[m,n] && LtQ[p,-1] && NeQ[p,-2] && LtQ[0,2xn,m+1]

Int[x_"m_.xCosh[a_.+b_.*x_"n_]”p_,x_Symbol] :=

-X~ (m-n+1) *Sinh[a+bxx”n] *Cosh[a+bxx*n]~ (p+1) / (bxnx (p+1)) +

(m-n+1) *x” (m-2%n+1) *Cosh[a+b*x*n]~ (p+2) / (b*"2%n"2% (p+1) * (p+2)) +

(p+2) / (p+1) *Int [x*mxCosh[a+bxx*n] " (p+2) ,x] -

(m-n+1) * (M-2xn+1) / (b*2*xn*2x (p+1) * (p+2) ) *Int [x* (m-2xn) xCosh[a+b*x*n] " (p+2) ,x] /;
FreeQ[{a,b},x] && IntegersQ[m,n] &% LtQ[p,-1] && NeQ[p,-2] && LtQ[O,2xn,m+1]

(m-n+1) (m-2n+1)

b?n? (p+1) (p+2)

Jx'“‘z" Sinh[a +bx"] P+2 ax
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Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

2. J(ex)'“ (a+bsinh[c+dx"])Pdx whenpez A nez"
1. J(ex)m (a+bsinh[c+dx"])Pdx whenpez Anez - AmeQ

1: Jx'“ (a+bsinh[c+dx"])Pdx whenpez A nez A mez

Derivation: Integration by substitution
Basis:If n € Z A m e Z,thenx"rix"] = -subst[*2+, x, 2] 5,2

Rule:lf pezZ A nez A mgQ,then

Jx“‘ (a+bSinh[c+dx“])pdlx — —Subst[J

Program code:

Int[x_"m_.(a_.+b_.#Sinh[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
—Subst[Int[(a+b*Sinh[c+d*x"(—n)])"p/x"(m+2),x],x,1/x] /3
FreeQ[{a,b,c,d},x] && IntegerQ[p] && ILtQ[n,0] && IntegerQ[m]

Int[x_"m_.*(a_.+b_.xCosh[c_.+d_.*x_"n_])”p_.,x_Symbol] :=
-Subst[Int[ (a+bxCosh[c+d*x”(-n)]) " p/X*(m+2) ,Xx],X,1/x] /;
FreeQ[{a,b,c,d},x] && IntegerQ[p] && ILtQ[n,0] && IntegerQ[m]

(a+bSinh[c+dx‘"])p

Xm+2

1
dx, X, —]
X
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Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

2: j(ex)"‘ (a+bsinh[c+dx"])Pdx whenpez A nez A meF

Derivation: Integration by substitution
Basis:If ne Z A k > 1,then (ex)"F[x"] = - £ subst] ”"("X;k"‘, X, ——] o ——
e Xk m+l)+1 (ex)lk (ex)lk

 Rule: If peZ ANneZ A meTF,letk = Denominator [m],then

(a+bsinh[c+de™ x"‘"])'J

k
J(ex)"‘ (a+bsinh[c+dx"])Pdx — ——Subst[j
e xk (m+1) +1

Program code:

Int[(e_.*x_)"m_x(a_.+b_.xSinh[c_.+d_.*x_"n_])"p_.,x_Symbol] :=

With [ {k=Denominator[m]},
-k/exSubst[Int[ (a+bxSinh[c+d/ (ern»x” (kxn)) 1) p/x" (kx (m+1) +1),X],X,1/ (exx)~(1/k) ]] /3

FreeQ[{a,b,c,d,e},x] & IntegerQ[p] &% ILtQ[n,0] && FractionQ[m]

Int[(e_.*x_)"m_x(a_.+b_.xCosh[c_.+d_.*x_"n_])”p_.,x_Symbol]

With [ {k=Denominator[m]},
-k/exSubst [Int[ (a+bxCosh[c+d/ (e*nxx” (kxn))1)~p/x* (k (m+1) +1) ,x],X,1/ (exx)~(1/k)1] /3

FreeQ[{a,b,c,d,e},x] & & IntegerQ[p] & ILtQ[n,0] && FractionQ[m]

dx, X,

1

(ex)l/k

]
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Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

2: J(ex)m (a+bsinh[c+dx"])Pdx whenpez A nez

TAmMEQ

Derivation: Piecewise constant extraction and integration by substitution

Basis: 0y ((ex)™ (x1)") =0
Basis: F [X] == —Subst{ﬂi—;L, X, ﬂ Ox

Rule:lf peZ A neZ A mgQ,then

X =

(a+bSinh[c+dx“])p

J-(ex)rn (a+bsinh[c+dx"])Pdx — (ex)" (x‘l)mj

Program code:

Int[(e_.*x_)"m_%(a_.+b_.*Sinh[c_.+d_.*x_"n_])"p_.

()"

»X_Symbol] :=

a+bSinh[c+dx‘"])p

dx — -(ex)" (x‘l)mSubst[J(

—(e*x)"m*(x"(—1))"m*Subst[Int[(a+b*Sinh[c+d*x"(—n)])"p/x" (m+2) ,x],x,1/x] /;
FreeQ[{a,b,c,d,e,m},x] && IntegerQ[p] & ILtQ[n,@] & Not[RationalQ[m] ]

Int[(e_.*x_)"m_x(a_.+b_.xCosh[c_.+d_.*x_“*n_])"p_.

»X_Symbol] :=

— (e%X) "mx (X" (~1) ) *mxSubst [Int [ (a+bxCosh[c+d*x" (=n) 1) ~p/x" (M+2) ,x] ,X,1/X] /3
FreeQ[{a,b,c,d,e,m},x] & IntegerQ[p] & ILtQ[n,@] & Not[RationalQ[m]]

Xm+2

1
dx, X, —]
X
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Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

3. J(ex)"‘ (a+bsinh[c+dx"])Pdx whenpez A neF

1: |x" (a+bSinh[c+dx"])Pdx whenpezZ A neF
[ [c+ax])

Derivation: Integration by substitution
Basis: If k € Z",then xFxn] = k Subst [x* (M- F[xkn], x, x*/K] g x*/
Rule:lf peZ A neF,letk = Denominator[n], then

Jx“‘ (a+bsinh[c+dx"])Pdx — kSubst[J\xk ™1 (a+bSinh[c+dx*"])? dx, x, xl/k]

Program code:

Int[x_"m_.(a_.+b_.#«Sinh[c_.+d_.*x_"n_])"p_.,x_Symbol] :=

Module [ {k=Denominator[n]},

kxSubst [Int[x” (k# (m+1)-1) « (a+bxSinh[c+d#x” (k#n) 1) ~p,x],x,x*(1/k)]] /;
FreeQ[{a,b,c,d,m},x] & IntegerQ[p] &% FractionQ[n]

Int[x_"m_.x(a_.+b_.xCosh[c_.+d_.*x_“n_])”"p_.,x_Symbol] :=
Module[ {k=Denominator[n]},

kxSubst [Int [x” (k« (m+1) -1) # (a+bxCosh [c+dxx” (kxn) 1) *p,X],X,x*(1/k) 1] /3
FreeQ[{a,b,c,d,m},x] & & IntegerQ[p] && FractionQ[n]

2: J(ex)'“ (a+bsinh[c+dx"])Pdx whenpez A neF

Derivation: Piecewise constant extraction
Basis: 5, 1—>— =0

Rule:lf peZ A neF,then
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Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

eIntPar‘t [m] (e X) FracPart[m]

J(ex)m (a+bsinh[c+dx"])Pdx —

xFracPart[m]

Program code:
Int[(e_»x_)"m_x(a_.+b_.*Sinh[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
e~IntPart[m] « (exx) “FracPart[m] /x*FracPart[m]+Int [x"m« (a+bxSinh[c+d+x"n])"p,x] /;
FreeQ[{a,b,c,d,e,m},x] &% IntegerQ[p] && FractionQ[n]
Int[ (e_»x_)"m_x(a_.+b_.xCosh[c_.+d_.*x_"n_])"p_.,x_Symbol] :=

e~rIntPart[m] * (exx)~FracPart[m] /x*FracPart [m] *Int [x*m* (a+bxCosh[c+d*x*n])*p,X] /;
FreeQ[{a,b,c,d,e,m},x] &% IntegerQ[p] && FractionQ[n]

4. f(ex)'“ (a+bsinh[c+dx"])?dx whenpez A m#-1 A - ez*

1: Jxm (a+bsinh[c+dx"])Pdx whenpez A m#-1 A ﬁezaf

Derivation: Integration by substitution
Basis: If ﬁ e Z,then x"F[x"] = ﬁ Subst[F[xﬁ], X, X™1] g x™?

Rule:if pez Am# -1 A - ez, then

Jx’“ (a+bsinh[c+dx"])Pdx — Subst [J(a +bSinh [c +d anT])p dx, X, x'“*l]

m+1

Program code:

Int[x_"m_.x(a_.+b_.«Sinh[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
1/ (m+1) »Subst [Int[ (a+bxSinh[c+d»x Simplify[n/ (m+1)]])"p,x],x,x (m+1)] /3
FreeQ[{a,b,c,d,m,n},x] && IntegerQ[p] & NeQ[m,-1] && IGtQ[Simplify[n/(m+1)],0] & Not[IntegerQ[n]]

Int[x_"m_.*(a_.+b_.xCosh[c_.+d_.*x_"n_])”p_.,x_Symbol] :=
1/ (m+1) »Subst [Int [ (a+bxCosh[c+d»x Simplify[n/ (m+1)]])"p,x],x,x (m+1)] /3
FreeQ[{a,b,c,d,m,n},x] && IntegerQ[p] & NeQ[m,-1] && IGtQ[Simplify[n/(m+1)],0] & Not[IntegerQ[n]]

Jx'" (a+bSinh[c+dx“])pd1x
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Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

2: J(ex)'“ (a+bsinh[c+dx"])Pdx whenpez A m#-1 A -ez*

m+1

Derivation: Piecewise constant extraction
Basis: a, 1—>— =0

Rule:if pez Am# -1 A - ez, then

eIntPar‘t [m] (e X) FracPart[m]

I(ex)"‘ (a+bsinh[c+dx"])Pdx — J.x’" (a+bsinh[c+dx"])?ax

XFr'acPar‘t[m]

Program code:

Int[ (e_»x_)"m_x(a_.+b_.*Sinh[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
e~IntPart[m] x (exx) ~*FracPart[m] /x"FracPart[m] xInt [x"m* (a+b*Sinh [c+d*Xx”n] ) "p,x] /3
FreeQ[{a,b,c,d,e,m,n},x] &% IntegerQ[p] && NeQ[m,-1] && IGtQ[Simplify[n/(m+1)],0] && Not[IntegerQ[n]]

Int[(e_*»x_)"m_x%(a_.+b_.*xCosh[c_.+d_.*x_"n_])”p_.,x_Symbol] :=
e*IntPart[m] x (exx) *FracPart[m] /x"FracPart [m] *Int [x"m% (a+bxCosh[c+d*x”*n])*p,x] /;
FreeQ[{a,b,c,d,e,m,n},x] && IntegerQ[p] && NeQ[m,-1] && IGtQ[Simplify[n/(m+1)],0] && Not[IntegerQ([n]]
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Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

5. J(ex)"‘ (a+bsinh[c+dx"])?dx whenpez*

1: J(ex)msinh[c +dx"] dx

Derivation: Algebraic expansion

Basis: Sinh[z] = €

Basis: Cosh[z] == & + &~
Rule:

megs n E m _c+dx" i m _-c-dx"
(ex)"sinh[c+dx"] dx — (ex)"e dx - (ex)"e dx
2 2

Program code:

Int[(e_.*x_)"m_.*Sinh[c_.+d_.*x_"n_],x_Symbol] :=
1/2%Int[ (exXx) *mxE” (c+d*x”n) ,x] - 1/2xInt[ (exx) mxE”~(-c-d*x"n),x] /;
FreeQ[{c,d,e,m,n},x]

Int[ (e_.*x_)”"m_.xCosh[c_.+d_.*x_“n_],x_Symbol] :=
1/2%Int[ (exXx) *mxE” (c+d*x”n) ,x] + 1/2xInt[ (exx) mxE”~(-c-d*x"n),x] /;
FreeQ[{c,d,e,m,n},x]
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Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

2:J}exﬂ(a+bshm[c+dxﬂ)pdxwmmpez+

Derivation: Algebraic expansion

Rule: If p € z*, then

j(ex)'“ (a+bsinh[c+dx"])Pdx — J(ex)'“TrigReduce[(a+bSinh[c +dx"])?, x] dx

Program code:

Int[(e_.*x_)"m_.(a_.+b_.#Sinh[c_.+d_.*x_"n_])"p_,x_Symbol] :
Int[ExpandTrigReduce[ (exx)~m, (a+bxSinh[c+d+x"n])"p,x],x] /;
FreeQ[ {a,b,c,d,e,m,n},x] & & IGtQ[p,9]

Int[(e_.*x_)”"m_.x(a_.+b_.xCosh[c_.+d_.*x_"n_])"p_,x_Symbol] :
Int[ExpandTrigReduce[ (exx)~m, (a+bxCosh[c+d+x*n])"p,x],x] /;
FreeQ[ {a,b,c,d,e,m,n},x] & IGtQ[p,9]
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Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

S: Jx'“ (a+bsinh[c+du"])Pdx whenu=Ff+gx Amez

Derivation: Integration by substitution

Basis: If mez,thenx™ F[f + g x] = gm{l Subst[ (x-f)"F[x], X, T+gx] Oy (f+gx)

Rule:If u==f+gx A me Z,then

J}m(a+bsﬂm[c+duq)de-a T%ISMBt[JXx—f)m(a+bshm[c+dxﬂ)pdn X, q
g+

Program code:

Int[x_"m_.(a_.+b_.#Sinh[c_.+d_.#u_"n_])"p_.,x_Symbol] :=
1/Coefficient[u,x,1]” (m+1) *Subst [Int[ (x-Coefficient[u,x,0])"m+ (a+bxSinh[c+d+x*n])~p,x],x,u] /;
FreeQ[{a,b,c,d,n,p},x] && LinearQ[u,x] &% NeQ[u,x] && IntegerQ[m]

Int[x_"m_.x(a_.+b_.*Cosh[c_.+d_.*u_“n_])”"p_.,x_Symbol] :=
1/Coefficient [u,x,1]" (m+1) *Subst [Int[ (x-Coefficient[u,x,@]) mx (a+bxCosh[c+dxx"n])"p,x],x,u] /;
FreeQ[{a,b,c,d,n,p},x] && LinearQ[u,x] && NeQ[u,x] && IntegerQ[m]
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Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

X: J(ex)"‘ (a+bsinh[c+du"])?dx when u=f+gx

Rule:

j(ex)’" (a+bsinh[c+du"])Pdx — J.(ex)’" (a+bsinh[c+du"])P dx

Program code:

Int[(e_.*x_)"m_.(a_.+b_.+Sinh[c_.+d_.#u_"n_])"p_.,x_Symbol] :
Unintegrable[ (exx) “m (a+bxSinh[c+d+u~n])~p,x] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & LinearQ[u,x]

Int[(e_.*x_)”m_.x(a_.+b_.xCosh[c_.+d_.*u_“n_])”"p_.,x_Symbol] :
Unintegrable[ (e*x) “m* (a+bxCosh[c+dxu”n])~p,x] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & LinearQ[u,x]

N: J(ex)'“ (a+bsSinh[u])®dx when u==c+dx"

Derivation: Algebraic normalization

Rule: If u == c + d x", then

J.(ex)’“ (a+bsinh[u])Pdx — J-(ex)’" (a+bsinh[c+dx"])Pdx

Program code:

Int[(e_»x_)"m_.*(a_.+b_.xSinh[u_])"p_.,x_Symbol] :=
Int[ (exx)"mx (a+bxSinh[ExpandToSum[u,x]])"p,x]| /;
FreeQ[{a,b,e,m,p},x] && BinomialQ[u,x] && Not[BinomialMatchQ[u,x] ]



Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

Int[(e_*x_)"m_.»(a_.+b_.xCosh[u_])”"p_.,x_Symbol] :=
Int[ (e*xx) mx (a+bxCosh[ExpandToSum[u,x]])"p,x] /;
FreeQ[{a,b,e,m,p},x] && BinomialQ[u,x] && Not[BinomialMatchQ[u,x] ]

Rules for integrands of the form x"™ Sinh[a + b x"]P Cosh[a + b x"]

1: Jx“‘l Sinh[a+bx"]” Cosh[a +bx"] dx when p # -1

Derivation: Power rule for integration
Rule: If p # -1, then

Sinh [a +b x"] p+1
Jx"'l Sinh[a+bx“]pCosh[a+bx“] dx — ———M——
bn (p+1)

Program code:
Int[x_"m_.*Sinh[a_.+b_.*x_"n_]~p_.*Cosh[a_.+b_.#x_"n_.],x_Symbol] :

Sinh[a+b*x"n]~ (p+1) / (bxnx (p+1)) /;
FreeQ[{a,b,m,n,p},x] & EqQ[m,n-1] && NeQ[p,-1]

Int[x_"m_.xCosh[a_.+b_.*x_"n_]"p_.*Sinh[a_.+b_.#x_"n_.],x_Symbol] :
Cosh[a+b*x*n]” (p+1) / (bxnx (p+1)) /;
FreeQ[{a,b,m,n,p},x] & EqQ[m,n-1] && NeQ[p,-1]
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Rules for integrands of the form (e x)~m (a+b sinh(c+d x”n))"™p

2: Jxmsinh[a+bx"]pCosh[a+bx“] dx when@<n<m+1 A p#-1

Reference: G&R 2.479.6
Reference: G&R 2.479.3

Derivation: Integration by parts

. o 3 +1
Basis: X" Cosh[a + b x"] Sinh[a + b x"]P == x" N+l 5, sinh[a:bx"]?
bn (p+1)

Rule:lf @ <n<m+1 A p+ -1,then

x""*1 Sinh [a +b x"] p+1

m-n+1

fx'“ Sinh[a + bx"]pCosh[a + bx"] dx —
bn (p+1)

Program code:

Int[x_"m_.+Sinh[a_.+b_.*x_"n_.]"p_.*Cosh[a_.+b_.*x_"n_.],x_Symbol] :
XA (m-n+1) *Sinh [a+b*x"n]~ (p+1) / (bxnx (p+1)) -
(m-n+1) / (b*nx (p+1) ) *Int [x” (m-n) «Sinh[a+bxx"n]~ (p+1) ,x]| /;
FreeQ[{a,b,p},x] & LtQ[O,n,m+1] && NeQ[p,-1]

Int[x_"m_.xCosh[a_.+b_.*x_"n_.]"p_.*Sinh[a_.+b_.*x_"n_.],x_Symbol] :
X" (m-n+1) *Cosh[a+bx*x*n]” (p+1) / (bxn*x (p+1)) -
(m-n+1) / (bxn* (p+1) ) *Int [x" (m-n) xCosh[a+bxx"*n]~ (p+1) ,X] /;
FreeQ[{a,b,p},x] &% LtQ[O,n,m+1] && NeQ[p,-1]

} bn (p+1)

Jx"“" Sinh [a +b x"] P+ ax
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